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Abstract. We present a new method to interpolate between two matter phases that allows for a description
of mixed phases and can be used, e.g., for mimicking transitions between pasta structures occuring in the
crust as well as in the inner core of compact stars. This interpolation method is based on assuming switch
functions that are used to define a mixture of subphases while fulfilling constraints of thermodynamic
stability. The width of the transition depends on a free parameter, the pressure increment relative to the
critical pressure of a Maxwell construction. As an example we present a trigonometric function ansatz for
the switch function together with a pressure increment during the transition. We note that the resulting
mixed phase equation of state bears similarities with the appearance of substitutional compounds in
neutron star crusts and with the sequence of transitions between different pasta phases in the hadron-to-
quark matter transition. We apply this method to the case of a hadron-to-quark matter transition and
test the robustness of the compact star mass twin phenomenon against the appearance of pasta phases
modeled in this way.
PACS. 12.38.Mh Quark-gluon plasma – 21.65.Qr Quark matter – 26.60.Kp Equation of state of neutron
star matter – 97.60.Jd Neutron stars
1 Introduction
Recently, in the discussion of the hadron-to-quark matter
transition in compact stars, the actual character of the
transition has become a matter of debate. Alternatives
range from a strong first-order phase transition [1] to a
crossover transition [2]. In the absence of ab-initio lattice
QCD studies of the equation of state (EoS) at zero tem-
perature and high baryon densities, there is no guidance
for the development of effective field theoretical models
from this side. One expects that both, quark deconfine-
ment and chiral symmetry restoration shall take place in
compact star interiors, but it is not clear whether these
transitions occur simultaneously (as in finite temperature
lattice QCD simulations at vanishing baryon density [3])
or sequentially according to the idea of a quarkyonic phase
(see [4] and references therein) or massive quark matter
phase [5,6]. The extrapolation from known nuclear matter
properties around the saturation density may not be suf-
ficiently reliable, as the extrapolation from high-density
quark matter or even perturbative QCD matter asymp-
totics down to the hadronization region is equally inse-
cure. In [7] these two limits have been joined by multi-
polytrope EoS under the constraints that the speed of
sound does not violate the causality constraint cs < c
and the maximum mass of compact star configurations
for the EoS shall reach at least 2 M [8]. This still leaves
a rather broad corridor in the compact star domain of the
pressure versus energy density diagram, similar to the one
reported earlier by Hebeler et al. [9]. This even allows a
strong phase transition with a large jump in energy den-
sity at a pressure ∼ 100 MeV/fm3 which would result in a
third family branch of compact stars and the correspond-
ing phenomenon of mass-twin star, as has been shown in
[10]. The admissible EoS domain has recently been slightly
narrowed [11] when the results from the gravitational wave
measurement of the compact star merger GW170817 of
the LIGO-Virgo Collaboration [12] are used, but it still
allows to accommodate a strong first order phase transi-
tion that can produce twin stars, at high and low masses
as shown, e.g., in Ref. [13].
Because of the absence of a reliable microscopic de-
scription in the relevant domain of (energy) densities, an
interpolation technique has been suggested in [14] to model
the hadron-to-quark matter transition under neutron star
constraints as a crossover transition. A similar interpola-
tion technique has then been developed in [15] to model an
unknown chemical potential dependence of nonlocal chi-
ral model parameters, like the effective coupling strength
in the vector meson channel. This technique was further
developed to a twofold interpolation method in order to
account for a medium dependence of both, the vector cou-
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pling at high densities and confining effects in the vicinity
of the hadronization transition [16].
An interpolation technique between hadronic and quark
matter equations of state for compact star applications
in generalization of a Maxwell construction has been de-
veloped recently in [17] and serves to mimic pasta phase
effects in the mixed phase of the hadron-to-quark matter
transition in compact stars [18]. Such studies become par-
ticularly important when there is a large density jump in-
volved in the transition so that surface tension and Coulomb
effects of separately charged subphases in the globally
charge neutral system may become important. While such
a replacement interpolation method (RIM) using a poly-
nomial ansatz, in its simplest version in parabolic form,
seems to provide a decent qualitative description of a mixed
phase, there may be details of such a mixed phase con-
struction which could call for a slightly different construc-
tion.
Such an alternative construction we are suggesting in
the present work. Its idea is not to invent an insertion of
the pressure function between hadronic and quark mat-
ter asymptotes, but rather to use their functional forms
in a mixing interpolation which in spirit is an averaging
procedure with an additional pressure contribution from
the structures in the mixed phase. It is motivated by the
construction of sequential transitions describing substitu-
tional compounds in the neutron star crust [19], see Fig. 1.
The idea goes back to Freeman Dyson [20] and was devel-
oped further in Ref. [21]. As we shall descibe in this work
the mixing interpolation method (MIM) we suggest fea-
tures a transient stiffening of the EoS similar to the case
of the substitutional compounds and may in some cases
provide a more accurate procedure to mimic the sequence
of transitions between pasta structures in the mixed phase
than the simple polynomial interpolation suggested in [17,
18].
2 The mixing interpolation method (MIM)
This method exploits the features of trigonometric func-
tions, sin(x) and cos(x), to interpolate smoothly between
1 and −1 within a bounded domain of length pi with van-
ishing first derivative and normalized second derivative at
these boundaries. The mixed interpolation between the
hadronic (H) and quark (Q) EoS is introduced as
P (µ) = PH(µ)f<(µ) + PQ(µ)f>(µ) +∆(µ), (1)
where for the switch functions holds f>(µ) = 1 − f<(µ).
They are defined as
f>(µ) =
{
0, µ < µH
1
2
[
1− sin(pi2 µ−µcritΓ− )
]
, µH ≤ µ ≤ µcrit
f<(µ) =
{
1
2
[
1− sin(pi2 µ−µcritΓ+ )
]
, µcrit ≤ µ ≤ µQ
0, µ > µQ
where µH = µcrit−Γ− and µQ = µcrit+Γ+, see Fig. 2. The
pressure contribution is modeled also by a trigonometric
H Q→ : one first-order phase transition (Maxwell)
H H+Q, H+Q Q  → → : two first-order phase transitions (Maxwell)
Mixed Interpolation
P
H→H+Q
P
H→Q
P
H+Q→Q
P
ε
H
ε
c
ε
Q ε
Fig. 1. Illustration of the idea that a mixed phase with
pasta structures may have similarities with substitutional com-
pound structures in the neutron star crust, inspired by Fig. 1
of Ref. [19]. When hadronic and quark matter subphases are
structured and form commensurate lattice structures in an in-
termediate density range, this ”locking” of the structures may
entail a transient stiffening of the EoS.
ansatz,
∆(µ) =

0 : µ < µH
1
2∆P
[
1 + cos(pi µ−µcritΓ− )
]
: µH ≤ µ ≤ µcrit
1
2∆P
[
1 + cos(pi µ−µcritΓ+ )
]
: µcrit ≤ µ ≤ µQ
0 : µ > µQ
shown in Fig. 3. The parameters Γ+ and Γ− are fixed from
the conditions that
∂2P
∂µ2
∣∣∣
µ=µH
=
∂2PH
∂µ2
∣∣∣
µ=µH
, (2)
∂2P
∂µ2
∣∣∣
µ=µQ
=
∂2PQ
∂µ2
∣∣∣
µ=µQ
, (3)
which are equivalent to1
∆P = (PH − PQ)/4
∣∣∣∣
µ=µH
= (PQ − PH)/4
∣∣∣∣
µ=µQ
, (4)
in dependence on the only free parameter is ∆P . An im-
portant feature is that this interpolation function extends
1 We note that the MIM can also be applied in the case
when a standard Maxwell construction would make no sense
since the quark matter pressure would dominate the hadronic
pressure at low densities and vice-versa at high densities, so
that a transition from quark to hadronic matter would occur
when increasing the density. In this case the MIM would be
applied with a negative ∆P parameter, as follows from Eq. (4).
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only over a finite range of chemical potentials, since it
switches on at µ = µH = µcrit − Γ− where it connects
the mixed phase to the purely hadronic EoS and switches
off at µ = µQ = µcrit + Γ+ connecting the mixed phase
to the pure quark matter EoS. This property of the in-
terpolation is a qualitative difference to the interpolation
suggested in [14] where the extension of the switch func-
tions is not strictly bounded to a finite range since they
are taken as hyperbolic tangens functions.
1100 1150 µcritµcrit-Γ- µcrit+Γ+
µ[MeV]
0
0.2
0.4
0.6
0.8
1
f
>
f
<
Fig. 2. Switch-on (f>) and switch-off (f<) functions that to-
gether with the pressure increment function ∆(µ) are used to
build an interpolation function that serves to describe a transi-
tion between two phases of matter that mimics the appearance
of intermediate structures.
The necessary basis for the application of the MIM are
at least two equations of state, PH(µ) and PQ(µ), for two
phases which are defined in respective domains of chem-
ical potentials with a sufficiently broad overlap. This re-
gion has to include the crossing of both functions which
defines the critical chemical potential µcrit and the criti-
cal pressure Pcrit = PH(µcrit) = PQ(µcrit) of the Maxwell
construction between both phases.
The consideration of structures in the mixed phase of a
first order phase transition as obtained by such a Maxwell
construction will be of particular relevance when the jump
in the (energy) density at this transition is large. In this
situation one has to expect pronounced inhomogeneities
and a decisive role of a finite surface tension in the mixed
phase. For a detailed discussion of pasta phases at the
hadron-quark phase transition see, e.g., Refs. [22,23,24,
25,26,27,28] for various descriptions. Such a situation is
known to prevail for EoS of hybrid compact star mat-
ter that entail the phenomenon of high mass twin (HMT)
compact stars [1] being related to the appearance of a
third family branch of hybrid stars in the mass-radius di-
agram, disconnected from the second family branch of or-
dinary neutron stars. In this case there exists a range of
star masses for which pairs of compact stars have the same
1100 1150 µcritµcrit-Γ- µcrit+Γ+
µ[MeV]
0
1
2
3
4
5
6
∆[
M
eV
]
Fig. 3. Pressure increment function ∆(µ) that together with
the switch functions f≶(µ) defines the mixing interpolation
scheme of Eq. (1) describing the structured mixed phase be-
tween homogeneous phases.
mass but different radii. Typically, pure hadronic compact
stars will populate the second branch while hybrid com-
pact stars will be located on the third family, whereas
white dwarfs are located on the first branch. The HMT
case is of great importance because it bears the possibil-
ity of probing the existence of a critical endpoint in the
QCD phase diagram [29], serving as a guide for estimat-
ing heavy ion collision conditions [30] as well as solving
different issues on the compact star phenomenology [31].
3 A hybrid compact star EoS using the MIM
In this work we base our mixed phase calculations on an
HMT EoS in the form of a piecewise polytropic repre-
sentation [32,9,33,10] of the neutron star matter EoS at
supersaturation densities (n1 < n < n5  n0)
P (n) = κi(n/n0)
Γi , ni < n < ni+1, i = 1 . . . 4, (5)
Here Γi is the polytropic index of each of the density re-
gions labeled by i = 1 . . . 4. The first polytrope correspond
to a stiff nucleonic EoS. The second polytrope represents
a first order phase transition with a constant pressure
P = Pcrit = κ2 because Γ2 = 0. The polytropes in the den-
sity regions 3 and 4 above the phase transition correspond
to stiff quark matter. The EoS parameters corresponding
to the 4-polytrope EoS labelled ”ACB4” in Ref. [13] are
shown in table 1.
For the present interpolation construction we need to
convert the EoS (5) to the form [10]
P (µ) = κi
[
(µ−m0,i)Γi − 1
κiΓi
]Γi/(Γi−1)
, (6)
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Table 1. Parameters for the 4-polytrope hybrid EoS model of
Eq. 5 corresponding to set 4 of Ref. [10] labelled ”ACB4” in
Ref. [13].
Γi κi ni m0,i Mmax/min
i [MeV/fm3] [1/fm3] [MeV] [M]
1 4.921 2.1680 0.1650 939.56 2.01
2 0.0 63.178 0.3174 939.56 –
3 4.000 0.5075 0.5344 1031.2 1.96
4 2.800 3.2401 0.7500 958.55 2.11
valid for the respective regions (phases) i = 1 . . . 4, where
for the constant pressure region i = 2 this formula col-
lapses to P (µ = µcrit) = Pcrit = κ2 because of Γ2 = 0. For
applying the MIM (1) it is important that the pressure of
the hadronic phase (i = 1) valid for µ < µcrit can be ex-
trapolated to the neighboring quark matter phase (i = 3)
where µ > µcrit and vice-versa.
An important condition for the HMTs to appear is the
Seidov constraint [34]
∆ε
εcrit
≥ 1
2
+
3
2
Pcrit
εcrit
(7)
which corresponds to a straight line in the so-called ”phase
diagram of hybrid stars” [35]. In the upper half-plane of
that diagram where (7) is fulfilled, the onset of the phase
transition in the compact star center leads to a gravita-
tional instability of the configuration. Eventually, for a
sufficiently stiff high-density part of the EoS, the hybrid
star will resume stability until a maximum mass is reached
which shall exceed the present observational constraint of
2.01 M [8]. While being stiff enough to fulfill the max-
imum mass constraint, the EoS must fulfill the causality
constraint cs < c for the speed of sound cs =
√
∂P/∂ε at
all densities attained in the stable star configurations.
In Fig. 4 we show the hybrid EoS P (µ) resulting from
employing the MIM. As indicated in the legend each line
corresponds to a value of the dimensionless increment of
the pressure∆P = ∆P/Pcrit = 0 (0.01) 0.08 . The Maxwell
construction is obtained for ∆P = 0. The extension of the
mixed phase region defined by the parameters Γ− and Γ+
as solutions of Eqs. (2) and (3) is given for the set of ∆P
values considered here in table 2.
In Fig. 5 we show the EoS of the hybrid star matter
in the form P (ε) which exhibits the effect of the MIM
in mimicking pasta phase effects, for different values of
the single parameter ∆P , the dimensionless pressure in-
crement. The case ∆P = 0 corresponds to the Maxwell
construction where pasta phase effects are absent. Note
that in comparison to a simple interpolation that replaces
a region around the critical pressure by a parabolic (poly-
nomial) function [18], we observe an intermediate stiffen-
ing of the EoS. This reminds of the behavior of the substi-
tutional compounds in the neutron star crust, see Fig. 1.
This intermediate stiffening is most clearly demonstrated
when considering the squared speed of sound c2s =
∂P
∂ε in
Fig. 6 which shows a little peak in the middle of the phase
transition region that is the more pronounced the larger
the value of ∆P is.
1150 1160 1170 1180 1200 1210 1220µcrit
µ[MeV]
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Fig. 4. The pressure P as a function of chemical potential
µ where the MIM is employed. According to the legend each
line corresponds to a value of the dimensionless increment of
the pressure ∆P = ∆P/Pcrit = 0 (0.01) 0.08 . The Maxwell
construction is obtained for ∆P = 0.
Table 2. The extension of the mixed phase region defined
by the parameters Γ− and Γ+ as solutions of Eqs. (2) and
(3) is given for different values of the dimensionless pressure
increment ∆P .
∆P Γ− Γ+
[MeV] [MeV]
0.01 11.9126 11.2956
0.02 24.4359 22.0175
0.03 37.7194 32.2609
0.04 51.9709 42.0965
0.05 67.4957 51.5787
0.06 84.8171 60.7503
0.07 104.910 69.6458
0.08 130.078 78.2934
In the following we would like to apply the MIM to the
case of the HMT stars and test the robustness of the HMT
phenomenon against a broadening of the mixed phase re-
gion by the MIM.
4 Sequences of hybrid star configurations
Once we have derived the mixed phase EoS we solve the
Tolman–Oppenheimer–Volkoff (TOV) equations [36,37]
dP (r)
dr
= −G (ε(r) + P (r))
(
M(r) + 4pir3P (r)
)
r (r − 2GM(r)) , (8)
dM(r)
dr
= 4pir2ε(r), (9)
that describe static, spherically-symmetric compact stars
in the framework of Einstein’s general relativity theory.
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Fig. 5. The pressure P as a function of energy density ε
for hybrid star matter mimicking pasta phase effects accord-
ing to the MIM of the present work. Different lines stand
for ∆P = 0 (0.01) 0.08, with ∆P = 0 corresponding to the
Maxwell construction to be recognized on the horizontal pres-
sure branch.
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Fig. 6. Squared speed of sound as a function of the energy
density for the MIM. It features an asymmetric peak at the
middle of the mixed phase region as a characteristic feature
of the MIM. Different lines stand for ∆P = 0 (0.01) 0.08, with
∆P = 0 corresponding to the Maxwell construction that entails
vanishing speed of sound in the mixed phase.
The solution of this coupled system of differential equa-
tions proceeds with dialling a value for the central pressure
of the star configuration, Pc = P (r = 0), and then inte-
grating outwards until the pressure drops to zero, P (r =
R) = 0, which defines the radius R of the star. Simultaneos
integration of the second equation yields the gravitational
mass of the star enclosed in the spherical matter distri-
bution M(r) up to the actual distance r from the center.
Reaching the radius of the star the integration is stopped
and the enclosed mass equals the total gravitational mass
M = M(r = R) of the star.
  
Fig. 7. Mass-radius relation exhibiting the HMT phenomenon
depending on the pressure increment ∆P = 0(1)8 % of the
MIM. For ∆P > 6% the HMT phenomenon is lost and the hy-
brid star branch gets connected with the neutron star branch.
The upper colored bands represent the mass measurements of
the PSR J0348+0432 [8]and PSR J1614-2230 [38,39,40] as the
most massive compact stars. The green region represents the
mass of the nearest millisecond pulsar PSR J0437-4715 [41] for
which a radius measurement is under way by the NICER ex-
periment [42]. The regions for M1 and M2 were obtained by a
low-spin prior analysis of GW170817 [12]. The tree hatched re-
gions labeled ”GW170817” are excluded by the merger event
and constrain the minimal radius at M = 1.6 M [43], the
maximal radius at M = 1.4 M [11] and the upper limit on
the maximum mass [44].
The solutions provide internal pressure profiles P (r)
of the stars which with the knowledge of the EoS P (ε)
can be converted to profiles of energy density. Once with
the central pressure Pc = P (εc) also the central density c
is chosen, the triple of numbers (εc,M,R) can be plotted
pairwise against each other thus characterising uniquely
the EoS. The main result of such calculations is the mass-
radius (M − R) diagram shown in Fig. 7 for the set of
hybrid EoS obtained with the MIM when varying the free
parameter ∆P of this mixed phase construction. We find
that the HMT phenomenon of the input EoS is rather
robust against mixed phase effects here mimicked by ap-
plying the MIM. Besides of this the M-R sequence is in ac-
cordance with all constraints, known so far. This includes
the most recent constraints derived from GW170817 that
are shown as exclusion regions labeled ”GW170817” in
Fig. 7.
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Fig. 8. Effects of the mixed phase on hybrid compact star properties obtained with the MIM for different values of the
dimensionless pressure increment ∆P = 0(1)8%. In the upper left panel the gravitational mass M is shown as a function of the
central energy density εc, in the upper right one the radius R as a function of the central pressure Pc. The lower left panel shows
the baryonic mass MB as a function of the radius and the lower right panel displays the moment of inertia I as a function of
total mass M . These results show the robustness of the HMT phenomenon against mixed phase effects, here modeled with the
MIM.
They concern the minimal radius at M = 1.6 M [43],
the maximal radius at M = 1.4 M [11] and the upper
limit on the maximum mass [44] of TOV sequences.
For the discussion of compact star phenomenology a
few other characteristic integral quantities are of interest,
such a the baryon mass MB = mNNB , where mN is the
nucleon mass. The baryon number NB of a star is a con-
served quantity for many processes and is useful to esti-
mate the gravitational binding energy ∆E = (MB−M)c2
of a star. The baryon number is obtained by integrating
this equation
dNB(r)
dr
= 4pir2
(
1− 2GM(r)
r
)−1/2
n(r) . (10)
Furthermore, a potentially observable quantity is the mo-
ment of inertia which can be obtained using the following
approximation [45]
I ' J
1 + 2GJ/R3
, (11)
where the angular momentum J in the slow rotation ap-
proximation is given by
J =
8pi
3
∫ R
0
dr r4
ε(r) + P (r)
1− 2GM(r)/r . (12)
For a detailed discussion of the moment of inertia in the
slow-rotation approximation, and for the hybrid star case
see, e.g., [46,47,48], and references therein.
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In Fig. 8 we assemble additional graphs displaying rel-
evant quantities for compact star phenomenology and in-
vestigate the influence of the mixed phase effects modeled
by the MIM. Particularly interesting is the behavior of the
moment of inertia in the HMT mass region.
5 Conclusion
In this work we have developed a new interpolation method
to mimic pasta phase effects in the course of a strong first-
order phase transition. This mixing interpolation method
superimposes the equations of state of the subphases with
weight functions in a bounded region around the critical
chemical potential of the corresponding Maxwell construc-
tion. This method results in an intermediate stiffening of
the equation of state in the middle of the mixed phase
region which may be attributed to a ”locking” of com-
mensurate subphase structures similar to the situation in
substitutional compound structures in the neutron star
crust. The application of this method to the case of a
high-mass twin star equation of state confirms the earlier
finding within the replacement interpolation method [17]
that the twin phenomenon is rather robust against mixed
phase effects. We conclude that this new mixing interpo-
lation method may provide a tool to fit and interpret full
pasta phase calculations in some cases more appropriately
than the replacement interpolation method for which the
intermediate stiffening effect is absent.
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